Chapter 4

Determinants
Exercise 4.1

Question 1:

Evaluate the determinants in Exercises 1 and 2.
2 4

=5 —I‘

Answer:

-
.

=2(-1)-4(-5)=-2+20=18

=5 =1

Question 2:

Evaluate the determinants in Exercises 1 and 2.

(i) ¥ -x+1 x-1

|cos@ —sind
(i)

sinf?  cosd x+1 x+1

Answer:

cosi? —sind

(i) = (cos 6)(cos B) — (—sin B)(sin 6) = cos? 6+ sin® 6 = 1

sinf?  cosé

(i) r-—x+l x-1

x+1 x+1

=P -x+1)(x+1) - (x=-1)(x+1)
=X - Hx+x-x+1-(x*-1)
=x3+1-x2+1

=x3-x%+2

Question 3:

1
Iffi:{
4

[ I i

J , then show that|2.4| = 4| 4|

Answer:



S I o ]
| I

1
The given matrix is 4 = L

2 4
~.LHS.=|24|= ; ‘:2x4—4x8:8—32:—24
1 2
Now, |_4|=‘ =1x2-2x4=2-8=-6
4 2
. RH.S.=4|4|=4x(-6)=-24
~LHS.=RHS.
Question 4:
10 1
fA=/0 1 2|, thenshow that[34| =274,
00 4

Answer:
1 0 1
The given matrixisA=|0 1 2].
0 0 4

It can be observed that in the first column, two entries are zero. Thus, we expand along the first
column (C,) for easier calculation.

1 0 1 o1
|A|=1 -0 +0 =1(4-0)-0+0=4
0 4 j0 4 1 2
:.27|A|=27(4)=108 ()
10 1] [3 0 3
Now, 3A=3/0 1 2(=[0 3 6
00 4] [0 0 12
3 6 0 3 0 3
~|3A|= -0 +0
0 12 0 12 |3 6
=3(36-0)=3(36)=108 ...(ii)

From equations (i) and (ii), we have:
34|=27|4]

Hence, the given result is proved.



Question 5:

Evaluate the determinants

3 -1 2 3 4 5

o o =1 d@gymnT 1 =2
3 -5 0 2 3 1
n 1 2 2 -1 -2
@iy |=1 0 =3f@v)0 2 -1
-2 3 0 I -5 0
Answer:
3 -1 -2
(YLet4=0 0O -1].
I -5 0

It can be observed that in the second row, two entries are zero. Thus, we expand along the
second row for easier calculation.

A=-o " o [1}3 s 3)=-12
4l = | = 1 = L
-5 0 B o 3 s~
3 4 5
(ijLetA=[1 1 -2
2 3 1

I
3(1+6)+4(1+4)+5(3-2)
=3(7)+4(5)+5(1)
21

(ifLetd=| -1 0 =3[
2 3 0

By expanding along the first row, we have:



|- ‘[} 3_] 1 —3+2—1 ﬂ‘
3 0 |-2 o] |-2 3
=0-1(0-6)+2(-3-0)
=-1(-6)+2(-3)
=6-6=0
2 -1 -2
(iviLetA=|0 2 -1/,
3 -5 0

By expanding along the first column, we have:

2 -1 -1 =2 [|-1 -2
4] =2 -0 _ +3
-5 0 -5 0 2 =1
=2(0-5)-0+3(1+4)
=—10+15=5
Question 6:

11 =2
fA=|2 1 -3|,find|A|.
5 4 9

Answer:

11 -2
Letd=2 1 -3|.
5 4 -9

By expanding along the first row, we have:

|f“'§=1§1 -3 122 -3 2 1‘
4 9 5 -9 |5 4
=1(-9+12)-1(-18+15)-2(8-5)
=1(3)-1(-3)-2(3)
=3+3-6
=6-6
=0
Question 7:

Find values of x, if



2x 4
2451=2x46x
6 x

12 4
)
)5 1‘

3
2345=x32x5

23|
4 5

W ‘ 2x

Answer:

2 4
5 1

2x 4
6 x

(i) ‘

= 2x|-5xd=2xxx—-06x4

—2-20=2x"-24

= 2x" =6
= x*=3
—:-x=ix"r§
(_)2 3 x 3
ii =

4 5 [2x 5§

= 2x5-3xd=xx5-3x2x
= 10-12=5x-06x
= =-2==x

= x=2

Question 8:

x 2

5 f
If
18 «x

18 6

, then x is equal to

(A) 6 (B) 6 (C) -6 (D) 0

Answer:
Answer: B
x 2 Hn 2
18 x| 18 6

= x =36=36-36

= =36=0
= x° =36
= x=%6

Hence, the correct answer is B.



Exercise 4.2

Question 1:

Using the property of determinants and without expanding, prove that:

X ol X4
v b y+b=0
& C Z+C
Answer:
X 4 X+l X & X X i &
v b v+b =y b ¥[+|y b bl=0+0=10
Z C I+ & [ Z Z ' £

[I lere, the two columns of the determinants are {dentiua]]

Question 2:

Using the property of determinants and without expanding, prove that:

a—-b b-¢c c—a
b—¢ c—-a a-5b=0

c—a a-b b-¢

Answer:

a-b b-c c-a

A=b-c c—a a-b

c—a a-b b-c

Applying R, = R, +R,, we have:

a—c b—a c—b
A=b-c c—a a—b
a-¢)  ~(b-a)  ~(c-b)

a—¢ b—a c¢-b

=—|lb—¢ c¢—a a-b

a—c¢ bh—a c-b
Here, the two rows R4 and Rj are identical.

S A=0.



Question 3:

Using the property of determinants and without expanding, prove that:

2 7 65
75|=0
9 86
Answer:
2 65 |2 7 63+2
3 75|=(3 8 7243
5 9 86 |5 9 81+5
2 7 63| (2 7 2
=3 g 72| +|3 8 3
5 9 81 |5 9 5
2 7 9(7)
=3 8 9(8)[+0 [']'wn columns are idunliuu]]
12 9 9{9}_
2 7 7
=913 8 8
5 9 9
=0 [']'wn columns are idﬂl‘]liﬂ:‘d]]
Question 4:

Using the property of determinants and without expanding, prove that:
1 he r:.-{h I c}

I ca b(c+a) =0

1 ah c{a+b)

1 be a(b+c)
A=l ca :‘;{r+u}
1 ab i'[:r.’l--b:}

By applying C3 — C3 + C, we have:



1 be ab+be+ca
A=l el ab+be+ca
1 abh ab+be+ca

Here, two columns C4 and C3 are proportional.

S A=0.

Question 5:

Using the property of determinants and without expanding, prove that:

b+¢ g+r v+:z a P x

c+a r+p z+x =2b q v

a+b p+g x+y fi F z
Answer:

b+c g+r y+:
A=lc+a r+p =-+x
a+h p+qg x+y
b+e g+r y+z| |b+e g+r y+:
=lc+a r+p z+x|+lc+a r+p z+x
a P x b q ¥y
= A, +A, (say) (1)
b+c g+r y+:z
Now, A, =|c+a r+p =+x
a p x

Applying R, — R, — R3, we have:

b+e g+r y+z
A =lc v z
I p x

Applying R, = R, —R,, we have:

b g
A= r z
a P X

Applying Ry <R3 and R, <R3, we have:

i fu x| |a D X
A=(-1) b q y|=|b q ¥ -(2)
i ! z i ¥ =



b+c g+r y+z
A, =lc+a r+p z+x
b i v

Applying R — Ry = R3, we have:

[ ¥ Z

A,=lc+ta r+p z+x

b i ¥
Applying R, = R, —R,, we have:

I Z

A, =\a p x

b q v

Applying Ry «<+R5 and R, <R3, we have:

n x| a P
A, =(-1) |b q v/ =|b q

c r Z c r

= =

L]

From (1), (2), and (3), we have:

a p x
A=2\b q ¥
C ' z

Hence, the given result is proved.

Question 6:

By using properties of determinants, show that:

0 a —h

—t ] —|=1

h e 0
Answer:

We have,



A=|-a 0 -

b e 0
Applying R, — ¢R, we have:
] ac -be
A=—|-a 0 -c
h € 0

Applying R, = R, —#R,,, we have:

: ah ac 0
A=—|-a 0 —C
o
h c 0
b c 0
= E = ﬂ =
“Ib e 0

Here, the two rows R4 and Rj are identical.

~A=0.

Question 7:

By using properties of determinants, show that:

-a°  ab ac
ha —b*  be |=4a’bc’

ca ch —’
Answer:
—a®  ab  ac
A=lba -b* b
ca ch —c*
] b ¢
=abc|a ~h ¢ [Taking out factors a, b, ¢ from R, R, and Ri]
a b —
-1 1 1
=a’h’c? |l -1 I [Taking out factors a, b, ¢ from C,, C,, and Cil

Applying R, — R, + Ry and R3 — R3 + R4, we have:



-1

A=a*b*et|D

0

il - N {-j 2
=a’bet (-1

a'b’c’ ( }2 0

=—a'b’c’ (0—-4)=4a’b’c’

b = =
&= - =

Question 8:

By using properties of determinants, show that:

] P )
ON! b b’ ={H—b)[b—cr)(c—u)
| P el
1 1 1
(ii) \a b c|=(a=b)(b-c)(c—a)(a+b+c)
a’ b ¢
Answer:
1 a a
(i) Let A=|l b b,
l ¢ ¢’

Applying R; —» R1 = Rzand R, — R, = R3, we have:

0 a—-c¢ a —-c¢°
A= b—c b -¢

-

| e s

] -1 —a-
=[L'—u}[b—c}ﬂ 1 h+e

T

1 ¢ ¢

Applying R1 — R + Ry, we have:

0 0 —a+b
A=(b-c)(c-a)0 1 b+c
1 c e
0 0 -1

=(ﬂ_'ﬁ}{b_f){f.‘—ﬂ} 0 1 b+c

1 c C



Expanding along C4, we have:

s=(a-B)(b=c)(e=a) !

= (a—h){h—c’){c —ﬂ)

Hence, the given result is proved.

1 | |
(i) LetA =|a b c|.

a’ b’ ¢

3

Applying C; —» Cy - Czand C, — C, - C3, we have:

i} 0 1
A=lg-c b-c ¢

3 3 3 i3
a —c b =¢c"r

] 0 1
=lg—c b—c C
{a-c){:f +m:'+r:':) (h-c}(bz +b«:+c2) ¢’
] 0 1
:({'—ﬂ}[h—f} -1 1 C
—[u‘3+at?+c2) (b3+be+c2) ¢’

Applying C4 — C4 + Cy, we have:

0 0 |
A=(c—a)(b-c)0 | c
(J.':z —a:)+ (bc—ac} (b: +J_L.|L'+L':) &
0 0 1
=(b—c)(c—a)(a—b)0 1 e
~(a+b+c) (b +bec+ct) ¢’
0 0 1
:(a—b}{b—c}[c—a}{a+b+c}{] 1 s
-1 (h:+bc +c3) ¢’

Expanding along C4, we have:

a:[a—h}(b—c-}{c—a}(a+b+c~}{—l}‘?
= (a—b}{b —L')[-:r —cr){u +h +c]

Hence, the given result is proved.



Question 9:

By using properties of determinants, show that:

X x° vz
v e x| = I[J.' = J-‘] (L = :}(z = ,t} [J.}' + yz+2x)
z z* Xy
Answer:
x X yz

Let A=y y zx|.

[
=

x x° yz
A=|y—x y:—x° X — )z
z—x z* —x* xy—yz

) ) “(x-)
(z-x) (z—x)(z+x) -y(z-x)

X x* yz
=(x=y)(z—x)-I —x—y z
| Z+Xx -y

Applying R3 — R3 + Ry, we have:

X x° ¥z
ﬁz[x—_v}{:—.r)—l -X—y z
0 Z=y Z=y
X X yz
:{,1 })[: :c)(z ] 1 x=1 z
0 1 1

Expanding along R3, we have:



+lx

) [
=(x=y)z-x)(z —_};‘}[I:—XE— vz) +(—x: - xy+.x:):|

=—(x-y)(z-%)(z -y} (s + y2+ =)
=(x=»)(y-)(z- ) (w+yz + )

|

Hence, the given result is proved.

Question 10:

By using properties of determinants, show that:

x+4 2x 2x
(i) 2x x+4 2x |=(5x+4)(4-x)
2x 2x x+4

5

y+k oy by
(ii) |y y+k vy =K (3y+k)
¥y ¥ y+k
Answer:

x+4 2x 2x
(i) A=|2x x+4 2x |
2y 2x  x+4|

Applying Ry — Ry + Ry + R3, we have:

Sx+4 Sx+4 Sx+4
A=|2x x+4 2x
2x 2x x+4

1 1 1
:[5x+4} 2x x+4 2x
2x 2x x+4

Applying C, — C, - C4, C3 — C3 — C4, we have:

1 0 0
$={5x+4] 2x -x+4 0
2x 0 -x+4
1 0 0
=(5x+4)(4-x)(4-x)|2x 1 0
2x 0 1



Expanding along C3, we have:

5={5x+4”4—1f1 0

| =X 1

= (5x+4)(4-x)

Hence, the given result is proved.

-J_E' + A" .1_!' -'I_E'
(i) A=y v+k v
v v v+k

Applying R1 — Ry + Ry + R3, we have:

3yv+k 3y+k 3y+k
A=y y+k ¥
v ¥ y+k
1 I I
:{3J:+_‘;’}y _‘l»‘+.£f ¥
¥ ¥y y+k

Applying C, — C, — C4and C3 — C3 - C4, we have:

1 0 0
A=(3y+k)|y k 0
¥ 0 k
| 0 0
=k:{3}'+k]}-' | 0
¥ 0 |

Expanding along C3, we have:

. | of
A=k (3y+k) = k*(3y+k)

y I

Hence, the given result is proved.

Question 11:

By using properties of determinants, show that:

a—b-¢ 2a 2a
M| 26 b-c-a 2b =(a+b+c)
2e 2e c—a—b



x+y+2:z x
(i) | = v+z+2x
-4 x
Answer:
a-bh-o 2a
(i) A=| 2b b—e—n
2c 2e o —

y |=2(x+y+ z}"
Z4+x+2y

2a
2h
a—h

Applying R1 — Ry + Ry + R3, we have:

a+b+c at+b+c
A=2b b-c—a
2c B
1 1
=(a+b+r}2b b-c-a
2c 2c

a+bh+c
2h

c—a—=bh

Applying C, — C, - C4, C3 — C3 — C4, we have:

1
&=[a+b+c]2b
2c

1
=(a+b+cf2b
2e

Expanding along Cs,

0
—(a+b+c)
0
0

0
-1

0
-1
0

we have:

0
0

~(a+b+c)

A= (a+|'I:+|::]-‘[—I]{—l}={'5-”'~5'+‘*'}1

Hence, the given result is proved.

X+ y+2z
(i) A= =z

Z

x
y+z+2x
x

'1_:'
1_.1

Z+x+2y

Applying C4 — C4 + Cy + C3, we have:



2{x+}-‘+z} X v

A=2(x+y+1z) y+z+2x b
2{x+_v+z} x z4+x+2y
| X ¥
=2(J:+y+z]l y+z+2x ¥
| X z+x+2y

Applying R, — R, = Ry and R3 — R3 — R4, we have:

1 x ¥y
A=2(x+y+z)|0 X+y+z 0
0 0 X+y+z
| X ¥
=2(x+y+z)’|0 | 0

0 0 1
Expanding along R3, we have:
A= 2{.\:+}:+3]3{1}{1 -0)=2(x+y+ :_}1

Hence, the given result is proved.

Question 12:

By using properties of determinants, show that:

] X X
. ] X | = {I 5 )
X x? ]
Answer:
| X x
A=|x? 1 v
'y ¥’ ]

Applying R1 — Ry + Ry + R3, we have:



l+x+x° T+ x+x° T+ x+x°

1 0 0
&=[I+x+x3]x‘ 1-x x—x
x X=X l—x
1 0 0
= (1 x+2 )(1-x)(1-x)|x* I+x x
X —* I
| 0 0
=(1-x")(1-x)’ l+x x
X —x |

Expanding along R¢, we have:

Hence, the given result is proved.

Question 13:

By using properties of determinants, show that:

l+a” -b" 2ab —2h
2ab 1—a® + 4 2a =(]+a: +h:)'\
2h —2a |

Answer:



l+a” - b° 2ab -2h
A= 2ab 1-a* +4° 2a
2h —~2a l—a’ —b°

Applying Ry — Ry + bR3and R, — R, — aRg3, we have:

l+a’ +b° 0 ~b(1+a* +b)
A=0 14+a® +b r,’-‘[]+££2+b:)
2h —2a 1-a* -b*
1 0 ~h
—(1+a*+p*)j0 1 a
2h 2a l-g -b°

Expanding along R¢, we have:

i
-b

2h -2a

-

—2a l1-a' b

A= (I +¢I:+h:)3\;{l}§]

(1+a*+5*) [1-a* -b* +2a* - b(-2b)
=(1+a+8*) (1+a* + %)

3

—(l—a]+h:)'

Question 14:

By using properties of determinants, show that:

a+1 ab ae
ab b +1 ke =l+a* +b* +¢
ca ch et +1

Answer:

a +1 ab ac
A=lab b +1 be

cot ch ¢t +1

Taking out common factors a, b, and ¢ from R4, Ry, and R3 respectively, we have:



aq+— b [
a

A=abcla h +% (]

a h c+l
o

Applying R, — R, = Ry and R3 — Rz — R4, we have:

a+— b ¢

1
A=abe|—— —
a b

]
0

o [
Applying C1 — aC4, Ca — bC; and C3 — ¢Cj, we have:

a+1 b o
A=aghex : -1 1 0
abc

-1 0 I

a+1 b e
=|-1 1 0
-1 0 1

Expanding along R3, we have:

A=-1

=—1{—:’J!]+(ﬂ'2 +1 +bz}= l+a* +b" +¢*

Hence, the given result is proved.

Question 15:

Choose the correct answer.

Let A be a square matrix of order 3 x 3, then A:A| is equal to

A. k|4 B. k*|4| C. k’|4| D. 3k| 4|

Answer:

Answer: C

A is a square matrix of order 3 x 3.



LetA=|a, b, ¢

a, b, (sl
ke, kb, ke,
Then, kd=|ka, kb, ko, |
ke, kb, ke
ket kb ke

1
kA= ke, kb, ke,
ket kb, ke,

o, b, a
=k a, b, ¢, (Taking out common factors & from each row)
d; b, s
=k*|4|
I ZIES SV

Hence, the correct answer is C.

Question 16:
Which of the following is correct?
A. Determinant is a square matrix.
B. Determinant is a number associated to a matrix.
C. Determinant is a number associated to a square matrix.

D. None of these

Answer:
Answer: C

We know that to every square matrix, A4 = [u;'j] of order n. We can associate a number called the

determinant of square matrix A, where gjj = (;‘J)"’ element of A.

Thus, the determinant is a number associated to a square matrix.

Hence, the correct answer is C.

Exercise 4.3
Question 1:



Find area of the triangle with vertices at the point given in each of the following:
(i) (1,0), (6,0), (4, 3) (ii) (2,7), (1,1), (10, 8)

(iii) (-2, =3), (3, 2), (-1, -8)

Answer:
(i) The area of the triangle with vertices (1, 0), (6, 0), (4, 3) is given by the relation,
1

1
1

A=

2| —

|
&
4

woo o

1 - .
=§_1[n_3}-n{5-4}+1{13-0)]

| 15 .
=§[ 34 ]E] =? square units

(i) The area of the triangle with vertices (2, 7), (1, 1), (10, 8) is given by the relation,

= 1[2(1 8)-7(1-10)+1(8-10)]
|
= 5[2(—?]—?{_—9}+ 1(-2)]
]5[—M+153—2] ]E[—Iﬁ—ﬁ?r]
ol square units
2
(iii) The area of the triangle with vertices (-2, -3), (3, 2), (-1, —-8)

is given by the relation,

2 3
m:%a >
1 -8 1

:;:_z{2+3}+3[3+1]+|{—24+2]'

= 172(10)+3(4)+ 1(-22)]

%[—ZDHE—EE]

=_E=_15

2



Hence, the area of the triangle is|—1 5| =15 square units .

Question 2:

Show that points

A(a,b+c).B(b,c+a),C(c,a+b)are collinear

Answer:

Area of AABC is given by the relation,

a b+ec 1
&:lb ct+a |1
2
¢ a+b 1
a b+e |
—%b—a a—b O (ApplyingR, - R,-R, andR, >R, -R,)
c—a a-c 0
| a b+c 1
=;{a—b][c—a]—] 10
B 1 -1 0
: a b+c 1
—E(Q—hj(c—ﬂ] -1 1 0 (ApplyingR, =R, +R,)
0o 0 0
=0 (All elements of R, are 0)

Thus, the area of the triangle formed by points A, B, and C is zero.

Hence, the points A, B, and C are collinear.

Question 3:

Find values of k if area of triangle is 4 square units and vertices are

(i) (k, 0), (4, 0), (0, 2) (ii) (-2, 0), (0, 4), (0, k)

Answer:

We know that the area of a triangle whose vertices are (x4, y1), (X2, y2), and

(x3, y3) is the absolute value of the determinant (A), where



It is given that the area of triangle is 4 square units.

JA=14

(i) The area of the triangle with vertices (k, 0), (4, 0), (0, 2) is given by the relation,
ko0
4 0 1
0 21

A:l
2

| ,
:E[H{]—E]—{]H—U}H[E—ﬂ”
:é[—2k+8]:—k+4

w—k+4=14

When -k+4=-4,k=8.

When -k+4 =4, k=0.

Hence, k=0, 8.

(ii) The area of the triangle with vertices (-2, 0), (0, 4), (0, k) is given by the relation,

200
=|0 4]
0 k1

Whenk-4=-4,k=0.
When k-4=4,k=8.

Hence, k=0, 8.

Question 4:
(i) Find equation of line joining (1, 2) and (3, 6) using determinants

(ii) Find equation of line joining (3, 1) and (9, 3) using determinants



Answer:

(i) Let P (x, y) be any point on the line joining points A (1, 2) and B (3, 6). Then, the points A, B,
and P are collinear. Therefore, the area of triangle ABP will be zero.

1

2
l3 6 1j=0
2

x )

:»%(1(6—;-—}—2{3—.:% 1(3y—6x)|=0

= O-y—06+2x+3y-6x=10
= 2y—-d4x=10
= y=2

Hence, the equation of the line joining the given points is y = 2x.
(i) Let P (x, y) be any point on the line joining points A (3, 1) and

B (9, 3). Then, the points A, B, and P are collinear. Therefore, the area of triangle ABP will be
Zero.

3
9

tod | —

:,-»%[3{3—_1-}— 1(9-x)+1(9y—-3x)|=0

= 9=3y=94+x+9y=3x=0
= by—2x=0
—x=3y=0

Hence, the equation of the line joining the given points is x = 3y = 0.

Question 5:

If area of triangle is 35 square units with vertices (2, —-6), (5, 4), and (k, 4). Then k is

A.12B.-2C.-12,-2D. 12, -2

Answer:

Answer: D

The area of the triangle with vertices (2, —6), (5, 4), and (k, 4) is given by the relation,



2 -6 1
A=1ls 4

Ek 4 1

I._ B -
=5_2[4—4}+h(."~—ff)+][2ﬂ—4k}_
=%[3[‘]—m’{+2{]—4k]

l

=—|50-10k

!s0-104]

=25-5k

It is given that the area of the triangle is +35.
Therefore, we have:

= 25— 5k = 35
= 5(5-k) =235
= 5—k==7

When5-k=-7,k=5+7=12.
When5-k=7,k=5-7=-2.
Hence, k=12, -2.

The correct answer is D.

Exercise 4.4
Question 1:

Write Minors and Cofactors of the elements of following determinants:

) 2 -4 (i) a ¢
[ ii

n 3 b d
Answer:

2 -4
(i) The given determinant is 0

Minor of element a;; is M;;
~.M44 = minor of element a1 =3
M42 = minor of element a1, =0

M4 = minor of element a1 = -4



Mo, = minor of element as, = 2
Cofactor of a;is Aj= (-1) */ M;
<A = (DT My = (-1)2(3) = 3
Az = (-1)"2 My = (-1)*(0) = 0
Ag1 = (1) My = (-1)° (-4) = 4
Az = (1) M = (-1)* (2) = 2

I C
(ii) The given determinant is ;
L

Minor of element a;; is M;;.

~.M41 = minor of element a44 = d
M42 = minor of element a4, = b
M1 = minor of element ayq = ¢
My, = minor of element ays = a
Cofactor of ajis A; = (-1)*/M;;
2A = (DT My = (-1 (d) = d
A1z = (=1)"* Mz = (-1)° (b) = -b
Az1 = (=1)*""Mzq = (-1)% () = -¢

Az = (-1)*2 Mgy = (-1)* (@) = a

Question 2:

I 00 1 0 4
o 1 o @)y 5 -1

0 0 1 o1 2
Answer:
1 0 0
(i) The given determinantis|i) 1 1.
0 0 1

By the definition of minors and cofactors, we have:

1 0
M44 = minor of a{4= 01 =1



0 0

M2 = minor of a{,= 0 1 =10
M i f ! 0
= minor of a3 = =
13 37 o
. 0
M1 = minor of a4 = 0 1 =0

1 0
Moo = minor of ap, = 0 =1

1 0

Ms3 = minor of ass = =0
23 23 0 0
_ 0 0

M34 = minor of az4= =0
1 0

M i f Lo 0

= minor of az, = =

32 271 o

, 10
Ms33 = minor of az3 = 0 1 =1

A4 = cofactor of aqq= (-1)"*1 My, = 1

A, = cofactor of aqp = (-1)""2 M4, =0
Aq3 = cofactor of aj3=(-1)""3 M43 =0
A4 = cofactor of ay = (-1)?*1 My = 0
A, = cofactor of ays = (=1)%*2 My, = 1
A3 = cofactor of ayz = (=1)?*3 Myz = 0
A4 = cofactor of ag = (-1)%*" M3, =0
As, = cofactor of azo = (-1)3"2 M3, =0

A3 = cofactor of agz = (-=1)3"3 M35 = 1

1 0 4
(ii)) The given determinantis|3 5 -1|.
o1 2

By definition of minors and cofactors, we have:

5
M44 = minor of aq4= 1 9 =10+1=11



: 3 -
M2 = minor of a{,= 0 2‘:64}:{3

q

M13=minorofa13=h I =3-0=3
. 0 4

M1 = minor of a4 = ] =0-4=-4
_ 1 4 a

Moo = minor of ap, = 0 E:E—H:L
_ 1 0

M3 = minor of a3 = 0 1 =1-0=1

0 4
M34 = minor of az4= 5 ‘ =0-20=-20

I 4
M3, = minor of a3, = 3 ‘:—I—IE:—IS

10
M33=minorofa33=_s 5:5—0:5

A4 = cofactor of aqq= (=1)"*1 My = 11
A, = cofactor of aq = (-1)""2 M4, = -6
Aq3 = cofactor of aj3=(-1)""3 M43 =3
A4 = cofactor of ay = (-1)%"1 My = 4
A, = cofactor of ays = (=1)2"2 My, = 2
A, = cofactor of ayg = (—1)%"3 Mys = -1
A4 = cofactor of agq = (-1)>*1 M3y = -20
As, = cofactor of agy = (-1)3"2 M3, = 13

As3 = cofactor of azz = (-1)°*3 M35 =5

Question 3:

3

Using Cofactors of elements of second row, evaluate A = |2

Answer:

fatd



5 3 8
The given determinantis 2 0 1
I 2 3
We have:
P8 9-16=-7
Ma1 = 5 =77 16="

~Ayq = cofactor of ayg = (=12 My = 7

5 8
‘=]5—8=?

M:
270 3

~Ayy = cofactor of ayy = (=122 My, = 7

o -

303
Mas= | |=10-3=7

2

~Ay3 = cofactor of ay3 = (-1)2*3 My3 = -7

We know that A is equal to the sum of the product of the elements of the second row with their
corresponding cofactors.

A= 821A21 + 822A22 + 323A23 = 2(7) + 0(7) + 1(—7) =14-7=7

Question 4:
1 x ez
Using Cofactors of elements of third column, evaluate A =|1 v =zx
1z ay
Answer:

M13= =Z=¥

by

=
w
|
Il
2]
|
-




1 x
M33=] |=y-x

~A43 = cofactor of a43=

Ay = cofactor of ayz =

As3 = cofactor of agz =

(1" Mz =(z-y)
(17 Mgz == (z-x) = (x - 2)

(=1)*3 Mgz = (y - x)

We know that A is equal to the sum of the product of the elements of the second row with their
corresponding cofactors.

CA=a AL ra AL ra Ay

=b?{:—_]:)+2x{:r—:}+J:v(_j|:—x]
:];_'.'—J z+xz—xz" +xy =Xy
=( V‘ —x22]+(,1}"—x:y}

} —x)+xy(y-x)

(r+1}+z y=x)+xy(y—x)

II
.-'""ﬂ..-'-'_‘-\-\.

Hence, A=(x—y)(y—z)(z—x)
Question 5:
ay 4 a;
If A=l|a, a, a, andA;is Cofactors of aj, then value of A is given by
ﬂ;l CFJ_J {T:__j
{‘ﬂ") ﬂ]l'ﬁﬁl +”11“ﬁ"33 -'_ﬂl.?"ﬁl‘ﬁj {H} 'u]lﬂll +'"|:"'11| -'_ﬂl.?hﬁl
{C} ay Ay +aph +agAg; {D} ay Ay +ay Ay +a Ay,

Answer:

Answer: D
We know that:

A = Sum of the product of the elements of a column (or a row) with their corresponding
cofactors

A =agqAqg + axAxr + az1Azg



Hence, the value of A is given by the expression given in alternative D.

The correct answer is D.

Exercise 4.5
Question 1:

Find adjoint of each of the matrices.
1 2
3 4

Answer:

1 2
Let A= .
3 4

We have,
A, =4 4,=-3

v A, ==2, 4, =1
. All A"'I
Soadid = N
"4 2

SR kN

12

Question 2:

Find adjoint of each of the matrices.

1 -1 2
2 3 5
-2 ] 1
Answer:
1 -1 2
Letd=|2 3 3
-2 0 1
We have,
3
A, = =3-0=3
0 1
2 5
A2 =, ]‘——{EH{}}——IE
2 :
A :‘ ‘:ﬂlﬁ:f-



_'l 2
Aﬂ_,.; 5=_5_ =-11
| 2
AT:_ =—(5-4)=-1

= 2 5 ( }
1 ~1

Ay = =3+2=35

3 ) 3

"{n AJ!] A_
Hence, adid =| 4, 4,
A‘J_i A Aﬂ

Question 3:

2 3
4 -6

Answer:



2 3
4=

we have,
A=-12-(-12)=-12+12=0

SCTEL P S

—12+12 6+61 [0 0
| 24-24 12-12| |0 0
-6 =3[ 2 3
Also, (ﬂf{H] A=
4 20 -4 -6

[-12+12 ~18+18] [0
| 8-8 12-12 | |0

Hence, A(adjd) = (adjid) A=|4|1.

Question 4:

Verify A (adj A) = (adj A) A = || .

-1 2
3 0 -2
1 0 3

Answer:



|
A=|3 0
|

A =1(0-0)+1(9+2)+2(0-0) =11
1 0 o] 11t o0 0
slalr=11]0 I 0|=[0 1m0
0 0 1] |0 0 1
Now,
4,=0,4,=-(9+2)=-11,4,=0
Ay =—(-3-0)=3.4,, =3-2=1,4,, =—(0+1) = -]
Ay =2-0=2,4,=—(-2-6)=8,4,,=0+3=3

0 3
Ladid=|-11 1 8
0 -1 3
Now,
1 -1 21[0 3 2]
Aladid)=| 3 0 =2{|-11 1 8
1 0 3100 -1 3
(041140 3-1-2 2-846]
={0+0+0 O+0+2 G+0-6
_G+D+D 3+0-3 2+ﬂ+9_
M1 0 0
=0 11 0
0 0 11
Also,
0 3 21 -1 2
(adjd)-A=[-11 1 8 (3 0 =2
0 =1 31 0 3
0+9+2 0+0+0 0-6+6
=[=11+3+8  11+0+0 -22-2+24
0-3+3 0+0+0 0+2+9
11 0 0
=0 11 0

0 0 11
Hence, A(adjd)=(adid)A=|A4|1.

Question 5:



Find the inverse of each of the matrices (if it exists).

M

Answer:
2 -2
Let A= .
4 3
we have,
A=6+8=14
MNow,
A,=3,4,=-44,=2,4,,=2
_ {3 2}
Soadid =
! » 9
Lol 3 2
A =—adid=—
A —4 2

Question 6:

Find the inverse of each of the matrices (if it exists).
~1 5
-3 2

Answer:

-1
Let A= .
{—3 2

L |

we have,
A=-2+15=13
Mow,
A, =2,4,=34, =-54,, =-1
2 =5
coadid ={ }
' 3 -1
2 -5

oA =lm;;.4 1

A 13(3 -1

Question 7:

Find the inverse of each of the matrices (if it exists).



1 2
0 2 4
0 5
Answer:
1 2 3
LetAd=|0 2 4.
0 0 5
We have,
|A|=1(10-0)-2(0-0)+3(0-0)=10
Now,

AII :]{]_n:]ﬂ*AIZ :_(n_ﬂ}:ﬂ“ﬁil: —0-0=0
Ay =—(10-0)=-10,4,,=5-0=5,4,, =—(0-0)=0
4, 28_6:1‘433:_(4_U}:_4~/1:|3:2—ﬂ:2

10 -10 2
coadid=| 0 5 -4
0 0 2

0 -0 2

A= aajA:ll[}D 5 -4

0 0o 2

Question 8:

Find the inverse of each of the matrices (if it exists).

1 0 0
3 3 0
5 2 -1



I 0 0
Letd=|3 3 0

5 2 -1
We have,
A| = 1{—3—']}—[}4-[}: —3

Mow,

A, =-3-0=-3,4,=—(-3-0)=3,4,=6-15=-9
Ay =—(0-0)=0,4, =-1-0=-1,4,, =—(2-0) =2
A, =0-0=0,4, =-(0-0)=0,4, =3-0=3

-3 0 0
sadid=| 3 -1 0
9 -2 3
-3 0 0
A'=—adid=--| 3 -1 0
| -9 -2 3
Question 9:

Find the inverse of each of the matrices (if it exists).

2 1 3
4 -1 0
=7 2 1
Answer:
2 1 3]
LetA=|4 -1 0.
=7 2 I
We have,

Al=2(-1-0)-1(4-0)+3(8-7)
=2(-1)-1(4)+3(1)
=-2-4+3
=-3
Now,
Ay =1-0=-1,4,=~(4-0)=—4 4, =8-7 =1
A, =—(1-6)=5.4,,=2421=23, 4, =—(4+7) =11
A,=043=3,4,=-(0-12)=12,4,=-2-4=-6



1 =11 -6

Question 10:

Find the inverse of each of the matrices (if it exists).

1 -1 2
0 2 -3
3 -2 4
Answer:
1 -1 2
Let4=|0 2 =3
3 -2 4

By expanding along C,, we have:
Al=1(8-6)-0+3(3-4)=2-3=-1

Now,

A4,=8-6=2,4,=-(0+9)=-9,4,=0-6=-6

Ay =—(-4+4)=0,4,=4-6=-2,4,, =—(-2+3)=-1

2 0 -1
sadid=|-9 -2 3
—6 -1 2
2 0 -1 -2 0 |
A= —adid=-|-9 =2 3 |=9 2 -3
—6 -1 2 6 1 —2
Question 11:

Find the inverse of each of the matrices (if it exists).

| 4] ]
0 cosar sing

0 siner  —Cosa



Answer:

| 0 ]
letd=|0 cosa  sing
0 sing  —Ccosa
We have,
A= 1{—4:{15”&—51[1" a] = —{cﬂs’ a+sin’ ) =-1
Mow,
A, =-cos’a—sin"a=-1,4,=0.4,=0

4,=0.4,, =-cosa. 4,, =—sinx

A, =0.4,, =—sing, A, =cosax

-1 0 0
Soadid=|10 —COS £ — &1
0 —§in COS ¥
-1 0 0 1 0 0
cat ! cadjid=-| 0 —cosa —sing |=|0 cosa sina
0 —sin COS ¢ 0 singd —CoS¢xr

Question 12:

Let 4= 3 7 and B = 6 8 Verify that ( ABY ' = B~ 4~
2 s Sl g Verythat(4B) =

Answer:

3 7
EYE |
2 5

We have,

A=15-14=1

Mow,

Ay =54,=-2,4,,=-7,4,, =3

-7
coadid = [ X }
’ =2 3

1 5 =7
AT = —adjd =
A -2 3



ol
We have,
B =54—56=-2
9 -8
ol
-7 6
9
-2 4
9 —
B'= —adB=- 8: 2
21 =7 6 7
— =3
2
Mow
9
—— 4
Bat=| 2 [ _T]
7 42 3
2
45 63 .1 61 87
| 2 2 |2 2 (1)
35, ¢ 9 gl (47 6T
2 2 2 2
Then,
3 7
U M
2 5117 9
[18+49 24+ 63
12435 16+ 45
[67 87
47 6l

Therefore,we have AB| =67x61-87x47=4087 4089 = -2,
Also,

61 87
di(AB)=
adj(AB) {—4? 6?}
I 1f61  -87
2 (AB) ' = —— adj(AB)= -~
(45) |A5£”( ) 2{-4? 6?}
_61 8
= 2 2 2
v e -(2)
2 2

From (1) and (2), we have:
(AB)1=B71A™"

Hence, the given result is proved.



Question 13:

3
|f.r'1'=|:
-1

Answer:

AT =54+71
"8 5 3
= -5
-5 3} [—l
8 51 [15 5 7
- I
-5 3| | -5 10 |0
-7 0 7 0
—+ =
0 -7 10 7
Hence, A* —5A+71=0.

SAA-54=-71
— A ,4[,4-'] —5447" = -T147"

= A(AA" }—5! =74
= Al 5] =-T74"

:}A_]:—%{A—if}

oA = %{5:—/1}

Sl SHE 3

Question 14:

3
For the matrix 4 = L

Answer:

|
2} , show that 4> -5 4477 = 2. Hence find 4'.

| Post-multiplying by A4~ as |4|=0 ]

2
1 } , find the numbers a and b such that A% + aA + bl = O.



|
. |3 2113 2 942
R =
1 1111 | 3+1

Now,
A +ad+bl =0
=(A4) A" +adA +bIAT =0

= A( 44 ']+af+b[m‘ '}=(J
— Al +al +bA™ =0

= A+al =—h4™
= A" = —%(r‘i+ﬂ'f}

MNow,

Lo R -2 1

A7 = adid= =
|A| 1= 3] [-1

We have:

6+2] [11 8
2411 |4 3

[Pnsl—mulliplying by A7 as [4|= {]]

Comparing the corresponding elements of the two matrices, we have:

—l=—1:_>,5=[
b

S A P SR R

Hence, —4 and 1 are the required values of a and b respectively.

Question 15:

1 1 1
For the matrix 4 =| 1 2
2 -1 3

Answer:

~1=-a

i)

—3 |show that A3 - A2 + 5A + 11 | = O. Hence, find A~"-



14 || 2
d+4-1
—3+16+14
7-6-14

1

—69

58

4-6+3
—3-24-42
T+9+42



AT —eA 5 ARIT

8 7 1 4 2 1 1 1 1 1 0
=[-23 27 -69|-6|-3 8 -14 |+5]|1 2 -3 |+11|0 1
32 -13 58 7 -3 14 2 -1 3 0 0
[ 8 7 1 124 12 6 | [5 5 5 11 0
=[-23 27 -69|-|-18 48 -84 |+|5 10 ~15]+|0 11
32 -13 58 | |42 -18 84 | [l0 -5 15 0 0
[ 24 12 61 [24 12 6 |
=[-18 48  —84|-|-18 48 -84
42 -18 84 | |42 -18 84 |
0 0 0
=(0 0 0l=0
0 0 0
Thus, 4* =64 +54+111 =0,
Mow,

A -6 +54+11 =0

= (AAA) A" —6(AA) A +544 +11I4" =0 [ Post-multiplying by A" as [4]= 0]
= AA(AA )6 A( A4 )+5(44 ) ==11(147")

= A" =6A+51=-114"

1 Lo
= A =-ﬁ(,4 ~64+51) (1)
MNow,
AP —6A+51
4 2 (I 1 1] |1 0 0
=|-3 8 ~14 |-6[1 2 -3|+5/0 1 0
7 -3 14 | |2 -1 3] |0 0 1
[ 4 2 1] [e 6 6 | [3 0 0
=|-3 8 ~14 |- 6 12 18 |+|0 5 0
7 -3 14 | 12 —6 18] [0 0 5
9 2 1] [e 6 6 |
=3 13 -14|-6 12 -18
7 -3 19 | |12 —6 18

3 4 -5
-9 1 4
-5 3 1

From equation (1), we have:

| 3 —4 -5 1 -3 4 5

A'=——| -9 ] 4 |=—|9 -1 —4
11 11

-5 3 | 5 -3 -1



Question 16:

2 -1 1
If 4=|-1 2 —1 |verify that A3 - 6A2 + 9A - 4/ = O and hence find A"
1 -1 2
Answer:
2 -1 ]
A=|-1 2 -1
1 -1 2
2 -1 17T 2 -1 ]
47 =|-1 2 1 -1 2 -1
1 -1 201 -1 2
4+1+1 -2-2-1 24142
=[-2-2-1 1+4+1 -1-2-2
24142 -1-2-2 1+1+4
6 -5 5
5 -5 6
6 -5 5[ 2 ~1 |
A =AA4=|-5 6 -5 -1 2 -1
5 -5 6 |1 ~1 2
[12+5+5 -6-10-5  6+5+10
=[-10-6-5  5+#12+5 ~5-6-10
[10+5+6 -5-10-6  5+5+12
22 21 21
=[-21 22 -21
21 <21 22




Mow,

A =64 +94-4]

[ 22
=| =21
21

22
=|-21
|21
40
=|-30

30

=21
22
=21
=21
22
=21
-30
40
=30

211 [e
=21 |=-6]|-5
22| |S
21 [ 36
=21 |—| =30
22 | 30
30 ] [ 40
~30 |-| =30
40 | | 30

AT +94-4] =0

Mow,

A —6A*+94-41 =0
= (AAA) A =6(AA) A" +944" =414 =0
= AA(AA)-6A4( A4 )+9(44 ") =4(147)
= AAl -6AI +9] =44

= 4 —64+9]=44"

=4 =]E(A*—6A +'FH)

A" —64+9]
6 -5
=(-5 6
E -5
6 -5
=|-5 6
5 -5
3 1
=1 3
-1 1

Question 17:

5 2
=5 [+9] =1
5] ] ]
30 ] [18
=30 [+| -9
36| |9
0] [o
-30|=|0
40 | |0

A1)

1 0
~1|+910

2 0
6 9
—6|+| 0
12 0

|
I~
=
=

[]‘Ggl-multiplying by A" as |A| atﬂ]

0 0
0 0
0 0

0

0

9

Let A be a nonsingular square matrix of order 3 x 3. Then acl_’,.l';'I| is equal to



A. |4 B. |4 C. |4 D. 3|4

Answer:

Answer: B

We know that,

4 0 0
(adjid)A=|AT=]0 4 0
0 0 A
4 0 0
= (adjid) A =0 A4 0
0 0 A
1 0 0
= |adj|| 4| =4[ |0 1 0| =[4[ (1)
0 0 1

~|adjd| = | Al

Hence, the correct answer is B.

Question 18:

If A is an invertible matrix of order 2, then det (A™") is equal to

A. det (A) B.

C.1D.0
det( A)

Answer:

; ] .
Since A is an invertible matrix, A ' exists and A = Hmajrd.



' b
As matrix 4 1sof order 2, let 4 = r' J
¢ a

d b
Then, |4 = ad — be and adj4 = .

—c i
Now,
d ~h
| A
A = i.rmjr'.—f = |
4 < a
4 4|
d —b
{7 = | = Ij = lj(ma’—bc‘]: [ = !
—C o 1" |—¢ a ]'| |1 l|
{ 4
I
Codet f'fl =
e ) det(A)

Hence, the correct answer is B.

Exercise 4.6
Question 1:

Examine the consistency of the system of equations.
X+2y=2

2x+3y=3

Answer:
The given system of equations is:
X+2y=2
2x+3y=3

The given system of equations can be written in the form of AX = B, where

1 2 X 2
A= , A= and B = ;
HEHESMEIER

Mow,
A =]{3}—2{1)=3—4=—I =0

- Ais non-singular.



Therefore, A~! exists.

Hence, the given system of equations is consistent.

Question 2:
Examine the consistency of the system of equations.
2x-y=5

x+y=4

Answer:

The given system of equations is:
2x-y=5
x+y=4

The given system of equations can be written in the form of AX = B, where

2 -1 X
‘JT:I “X:‘

]

and B =
4

A=2(1)=(=1)(1)=2+1=3%0
- Ais non-singular.
Therefore, A" exists.

Hence, the given system of equations is consistent.

Question 3:
Examine the consistency of the system of equations.
x+3y=5

2x+6y=8

Answer:
The given system of equations is:
x+3y=5
2x+6y=8

The given system of equations can be written in the form of AX = B, where



I 3

x
y X =
2 6

Vv

5
A= undﬁ‘:‘ ‘
3

Mow,
A= l{ﬁ}—3{2}=6—6 =0

- A'is a singular matrix.

Mow,

(s T

Thus, the solution of the given system of equations does not exist. Hence, the system of
equations is inconsistent.

Question 4:

Examine the consistency of the system of equations.
xX+y+z=1
2x+3y+2z=2

ax+ay+2az=4

Answer:

The given system of equations is:
x+y+z=1

2x+3y+2z=2
ax+ay+2az=4

This system of equations can be written in the form AX = B, where

| | 1 x 1
A=|2 3 2 L X=|ylandB=|2|.

a e 2a z 4
Now,

A =1(6a-2a)-1(4a-2a)+1(2a—3a)

=dag-2a-a=4a-3a=a =
- A'is non-singular.

Therefore, A™! exists.



Hence, the given system of equations is consistent.

Question 5:

Examine the consistency of the system of equations.

3X-y—-2z=2

2y —z=-1

3x-5y=3
Answer:

The given system of equations is:

3X-y—-2z=2
2y —z=-1
3x-5y=3

This system of equations can be written in the form of AX = B, where

-1 -2 X 2
2 -1, X=|y|land B=|-1|.
-5 0 z 3

lad

_.-"I =

e

Mow,
A =3{D—5}—U—3[l+4]=—15+lS=U'

- A is a singular matrix.

Now,
-5 10 5
(adid)=| -3 6 3
— 12 [
510 s 2 10-10+15] [-5
~(adi)B=|-3 6 3||-1|=|-6-6+9 |=|-3|z0
—f 12 hll 3 —]2—]2+]5§_ﬂ =6

Thus, the solution of the given system of equations does not exist. Hence, the system of
equations is inconsistent.

Question 6:

Examine the consistency of the system of equations.

S5x-y+4z=5



2x+3y+5z=2

5x -2y +6z=-1

Answer:

The given system of equations is:
5x-y+4z=5

2x+3y+5z=2

5x -2y +6z=-1

This system of equations can be written in the form of AX = B, where

R

[ o] 1
|
TR
= H

and B 2.

N
|
| g]
[# 5]
Ly
|

A =5(18+10)+1{12-25)+4(-4-15)
=5(28)+1(~13)+4(-19)
=140-13-76
=51%0

- Ais non-singular.
Therefore, A~ exists.

Hence, the given system of equations is consistent.

Question 7:

Solve system of linear equations, using matrix method.

Sx+2y=4
Tx+3y=5
Answer:

The given system of equations can be written in the form of AX = B, where

o aefeef]

Now, (4 =15-14=1=0.

Thus, A is non-singular. Therefore, its inverse exists.



- 4B 3 27047
N -7 515
[x 1210 2

.
v] [-28+25] |3

Hence, x =2 and y = -3.

Question 8:

Solve system of linear equations, using matrix method.

2x—y=-2
Ix+4y=3
Answer:

The given system of equations can be written in the form of AX = B, where

ol ep e

Mow,
A=8+3=11=0

Thus, A is non-singular. Therefore, its inverse exists.

Mow,

E 1 |—8+3 1|-3 T
— = — = =
y] 11 6+6 (112 12
—5 ]’!I

Hence, x = li and y =—.

Question 9:



Solve system of linear equations, using matrix method.

dx-3y=3
3x-5y=7
Answer:

The given system of equations can be written in the form of AX = B, where

4 -3 [ x 3
A= LA = and B = .
3 5 | ¥ 7]

Now,
Al=-20+9=-11=20
Thus, A is non-singular. Therefore, its inverse exists.

MNow,

6

U i e

11

=

-19

-6
Hence, x = T and y = S

Question 10:
Solve system of linear equations, using matrix method.
5x+2y=3

3x+2y=5

Answer:

The given system of equations can be written in the form of AX = B, where

5 :
A=
3 2 5

2 X 3
X = and B =
¥

Now,
A=10-6=4=0

Thus, A is non-singular. Therefore, its inverse exists.



Question 11:
Solve system of linear equations, using matrix method.

2x+y+z=1

Answer:

The given system of equations can be written in the form of AX = B, where

Mow,
A =2(10+3)-1(-5-3)+0=2(13)-1(-8)=26+8=34#0

Thus, A is non-singular. Therefore, its inverse exists.

Now, 4, =13,4,,=5,4,=3
A, =84,=-10,4,,=-6
Ay =14, =3,4,;,=-5

13 8 1
] ]
A =—(adjd)=—|5 -10 3
Al 34
3 —6 -5
13 8 1 '
.:X:A*B=;15 -10 3 i
3 -6 5]l g
x (1341249
=| :L 5=15+27
: 34
z [3-9-45
[ 34 ]
L T
34 2
Bl

Hence, x = 1,3::%* and z ===,



Question 12:

Solve system of linear equations, using matrix method.
X-y+z=4
2x+y-3z=0

X+y+z=2

Answer:

The given system of equations can be written in the form of AX = B, where

1 —1 1 x 4
A=|2 1 3. X=|yland B=|0|.
1 1 1 z 7

MNow,
A=1(1+3)+1(2+3)+1(2-1)=4+5+1=10=0

Thus, A is non-singular. Therefore, its inverse exists.

Nﬂ“r1 AII =4"A|3=_51A|3=]
AJ] = 2, A_,: = l:l-‘l ‘z:!“ =2
A_'H = 21 ;4_1__: = 51 A}."- = 3

x | 164+0+4
=y |=—|-20+0+10
z | 4+0+6
20
=—|-10
|10

Hence,x=2,y=-1, and z =1.



Question 13:

Solve system of linear equations, using matrix method.
2x+3y+3z=5
X—-2y+z=-4

3x-y-2z=3

Answer:
The given system of equations can be written in the form AX = B, where

5
and 8= -4

L]
Lid
o

e

2
.-"1: ]. —2 1 1___‘{:
3 -1 —2

by
sk

Mow,
;1| = 2{4+ I}—3(—2—3]+3{—I +6] = 2[5]—3{—5]+3{5} =10+15+15=40=0

Thus, A is non-singular. Therefore, its inverse exists.

Now, A, =5,4,=3,4;=5
A, =3,4,,=-13,4,, =11
Ay =9 4y =L A4y =7

5
; A":L(aﬂgm}:L 5 -13 1
5

x [25-12+27
=|y|=—|25+5243
z |25-44-21
40
=— |80
—40

Hence, x=1,y=2,and z=-1.

Question 14:



Solve system of linear equations, using matrix method.
X-y+2z=7
3x+4y-5z=-5

2x-y+3z=12

Answer:

The given system of equations can be written in the form of AX = B, where

] -1 2] Mx 7
A=|3 4 —5|,.X=|y|and B=| -5
2 ~1 3 z 12

Mow

A 1{12—5)+]{9+ID}+2[—3—S} T+19-22=4%0
Thus, A is non-singular. Therefore, its inverse exists.

Now, 4, =7, A, =—19, 4, =-11
AJI — I-_,.(’!_'.: = _I"{IJR = _I
Ay =-3, 4y, =11,4,=7

7 I -3
g ,4"=|%[aqm)=i -19 -1 11
11 -1 7
7 1 -31[7
.'.X:A"B:i—lg -1 11 || -5
-11 -1 7 1|12
X [ 49-5-36
=¥ :l -133+5+132
z | - 77+5+84
8 2
=l 4 (=1
4_13 3

Hence,x=2,y=1l,and z =3.

Question 15:

2 -3 5
IfA4=|3 2 —4 |, find A™1. Using A~" solve the system of equations
1 1 —2



2x-3y+5z=11
Ix+2y—-4z=-5

X +y=2z=-3
Answer:
2 -3 5
A=|3 2 -4
1 1 -2

Ay =13
0 -1 2 0 1 -2
A" =—(adjd)=-]2 -9 23|=[-2 9 23 ~(1)
| -5 13] |-l 5 -13

Now, the given system of equations can be written in the form of AX = B, where

2 -3 3 x 11
A=|3 2 4 X=|yland B=|-5]|.
1 —2 z -3

The solution of the system of equations is given by X = A™'B.

X=A"B
[ x 0 1 =2 1
=|y|=|2 9 23 || -5 __Llsing []}-|
z] [~ 5 ~13|| -3
[ 0-5+6
=|-22-45+69
-11-25+39
=
=2
_3_

Hence,x=1, y=2, andz=3.

Question 16:
The cost of 4 kg onion, 3 kg wheat and 2 kg rice is Rs 60. The cost of 2 kg onion, 4 kg
wheat and 6 kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.

Find cost of each item per kg by matrix method.



Answer:

Let the cost of onions, wheat, and rice per kg be Rs x, Rs y,and Rs z respectively.
Then, the given situation can be represented by a system of equations as:

dx+3y+2z=60
2x+4y+62=90
6x+2y+3z=70

This system of equations can be written in the form of AX = B, where

9 3 2 X 60
A=|2 4 6|.X=|y|and B=|90|.
& 2 3 z 70

|| =4(12-12)-3(6-36)+2(4-24)=0+90-40=50=0
Now, A, =0,4,=30,4,=-20

A, =-5,4,,=0,4,=10

A, =10,4,=-20,4, =10

0 -5 10
cadid=| 30 0 -20
20 10 10
0 -5 10
A = l.m:f;h' 30 0 -20
4 -20 10 10
Now,
X=A"B
0 =5 10 |[60
:x:% 30 0 -20| 90
~20 10 10 |[70
X 0—4504 700
=y =S—'D 1800 +0-1400
z —1200+900+ 700 |
250
=1 1400
50_4{:1]
.
=8
8

sx=5y=8andz=8.



Hence, the cost of onions is Rs 5 per kg, the cost of wheat is Rs 8 per kg, and the cost of rice is
Rs 8 per kg.

Miscellaneous Exercise

Question 1:
X sin?@ cosd
Prove that the determinant |—sin&# —x 1 |is independent of 6.
cosf? 1 X
Answer:
x sin & cos @

A=|—sin B —x 1
cos B 1 x

x( — - 1) —sin & —xsin 5 —cos &) +cosB —sin @+ xcos 5)

— .1'3 — x4+ .Tsinzrg +sin Fros & —sin Beos B+ 1‘:::0529

—r J‘(sinzg + coszgj

3
=—3 —x+x

— 3'3(I11depe11de11t of &)

Hence, A is independent of 6.

Question 2:

Without expanding the determinant, prove that

a ¢l bel |1 a’ a
h b cal=|1 b’ b
fe e abl |l ¢ ¢’

Answer:



Ie] a be
LHS.=b b ca

c ¢’ ab
a’ : abe
= i b b abe [R —aR.R, — bR,.and R, — cR, |
¢’ e abe
a 1
- ﬂil‘{' ~abe bj "5': 1 [Taking out factor abe from C,
o E |
a a 1
= p
e & 1
| & 3
= o [Applying C, > C; and C, > C; ]
1 e &
=R HS.

Hence, the given result is proved.

Question 3:

cosarcos,f  cosasingl  —sing
Evaluate | —sin /3 cos /3 0
sin@cos S sinasin 3 COS &

Answer:

cosacosff cosasinfl —sina
A=| —sinf cos 7 0
sinacos ff sinasinf  cosa

Expanding along C3, we have:

A= —sin af(—s.innzrfs.in3 B —cos® ﬁsina)+coscr(cosczc053 B +cosa sin’ ,{f]
= sin’ u::r(:ain2 ﬁ+cuslﬁ)+ cos’ a[cuslﬂﬁinl ﬂ}
=sin® et (1)+cos” (1)
=1

Question 4:



h+c c4+a a+bh
If a, b and c are real numbers, andA =|c+a a+h b+c|=0,

a+bh b+e c+a

Show that eithera+b+c=00ora=b=c.

Answer:

h+c c+a a+h
A=lc+a a+bh b+c

a+bh b+c c+a
Applying R, = R, + R, + R, we have:
2({:+h+c) 2[a+.ﬁ+r] 2[a+.ﬁ+c']

A=lc+a a+h b+c

a+h b+c c+a

I I I
=2(a+b+e)le+a a+b b+e
a+b b+c c+a

Applying C, - C, -C, and C, — C, - C,, we have:

1 0 0
A=2(a+b+c)lc+ta b-c b-a
ath c—a c-—b

Expanding along R4, we have:

&zz[fﬂhic}{l]uh c)(e IJ} {fr a)le H)J
2(a+b+c)| b —c +2bc—be+ba+ac—a* |

:2{£J+h+£‘)|iﬁb+b{'+c‘u—ﬂz—b:—c‘::l

It is given that A=0.

[a+h+c)[ﬁrh+hc+m—a:—I:-:—C:J=ﬂ

= Eithera+b+c=0, orab+bc+ca—a —b" -c =0.

MNow,

ab+be+ca-a’ -b - =0

= —2ab—2bc—2ca+2a +2b" +2c° =0

=(a-b) +(b-c) +(c-a) =0

= (a—h): =|:h—:.-): =(""“'}2 =0 [(a—h)zﬁ(h—c-:l: f(c-—ajz are nnn-ncgaiivc}
— (ﬂ—h) :(h—c} :(c—a) =0
= g=h=r

Hence, if A =0, then eithera+ b+c=0o0ra=b=c.



Question 5:

x+a X X
Solve the equations | x x+a Xx
X X x+a
Answer:
X+ X X
X x+a x |=0
X X X+d

Applying R, = R, +R, + R, we get:

Jx+a 3x+a dx+a

X X+a x |=0
X x x+a
1 1 1
:}{3:r+u]x X+ x =0
X X x+da
ApplyingC, »C,-C, andC, - C,-C,.
1 0 0
(3x+a)|x a 0|=0
X 0 a

Expanding along R, we have:
(3 +r,.'][l>-:a1] =10

= 611(3_‘£'+ a)=10

But a =0
Therefore, we have:
3x+a=0
o
2x==-3
Question 6:
a be ac+c’
Prove that & +ah b’ ac
ab b +be

Answer:

=0,a#0

we have:

— 4ﬂ2blfl



a’ bc  ac+c’
A=l|a’ +ab b ac
ab b +bhc ¢
Taking out common factors a, #, and ¢ from C,,C,, and C,, we have
a C a+c
A=abcla+b b a
b b+c C
Applying R, =R, -R, and R, = R, —R,, we have:
a ¢ a+c
A=abc| b b—c -c
h—a b —a
Applying R, — R, +R,, we have:
a & a+c
A=abcla+b b a
b-a b a
Applying R, - R, + R, we have:
a c a+e
A=abecla+b b &
2h 2h 0
a ¢ a+c
=2ab’cla+bh b a
| | 0

Applying C, - C, - C,, we have:

a
A=2abcla+b
|

c—a a+c

-

0

o
0

Expanding along R3, we have:

A= Eab"c'[a{c —a)+ala +c}:|

= Eah:c[mr —at+a + ac]

= Zahjc(Zaf}
=4da’b’c’

Hence, the given result is proved.

Question 7:

3
If 4'=|-15
5

1 2
B=|-1 3
0 —2

-2
0 |. find (4B)"
1



Answer:

We know that{AB}" =B'4".

o |B|=1x3-2x(-1)-2(2)=3+2-4=5-4=1
Now, 4, =3.4,=1.4,=2

Ay =24, =14, =2

A, =6,4,=2,4,=5

3 2 i}
. adiB =|1 1 2
2 2 5
Now,
B4=I%Ta@3
3 2 6
LB =] | 2
2 2 5
(4B) =B"'4"
3 2 bl 3 -1 |
=1 l 21| -15 i) -5
2 2 51 5 -2 2
9-30+30 =3+12-12  3-10+12
=13-15+10 ~1+6-4 1-5+4
6-30+25 =2+12-10  2-10+10
9 -3 5
=| =2 1 0
1 0 2
Question 8:
1 =2 1
Let 4= -2 3 1 | verify that
1 1 3

(i) [adjd] ' = adj( 4"



(i) (47) =4

Answer:

|4 =1(15-1)+2(-10-1)+1(-2-3)=14-22-5=-13
Now, A, =14, 4, =11,4,=-5

Ay =114y, =4, 4y, =3

Ay =-5,4,=-3,4,=-1

14 11 -3
nadid=[11 4 3
-3 -3 -1
1
;A7 =—(adid
14 11 =5 -4  -11 5
——L 11 4 -3 —L —11 —4 3
13 13
=5 -3 -1 5 3 1

(i)
adjd|=14(-4-9)-11(-11-15)-5(-33+20)
= 14(-13)-11(-26)-5(~13)
= —182+286+65 =169

We have,



169 169

1 oas
_(_@_@J
320

e

13 26

_ 1l 30

169
“13  -13

Hence, [adjd] ' = adj{A™).

(ii)

-13
-13

Rt

13
11

13

13

169

_[_

11

13
4

13

13
1115
169 169

169

42 55
169 169

=

1

=—|2
13

—65

-1

J
J

2

-3
=]

33 20
__+_
169 169

_[_4_2+E]
169 169

56 121

169 169




We have shown that:

| =14 =11 3
A_I=E —11 —4 3
3 3 1
—1 -1
And, adid™ = —| 2 -3 -1
—1 -1 -5
Mow,
1Y 1Y 1
A= =14 {=13)+11=(-26)+5x(-13) |= -169)=-
() T tix(20) e sx(-13)]=( ) x(-169)= -
gt 1 |t AT 2
.-_(,4-‘]‘:” _ x—| 2 -3 -1|=|-2 3 !
|47 [—1] B i 50 |1 I 5
13 N - - )
w(4) =4
Question 9:
'y }_! x+}:
Evaluate | v x+y x
xX+y x v
Answer:
X ¥ X+ v
A=| y x+y X
X+ x ¥

Applying R, = R, +R, + R, we have:

2{x+_}’} 2[1+_}»‘} 2[1‘+_}'}
A= ¥ X+ x
x+y x ¥
1 1 1

— 2['}7— }'] }' X +J.-’ X
X+ ¥ X ¥

Applying C, » C,-C, and C, - C, —C,, we have:

1 0 0
A= 2[x+ y} ¥y x x=y
xX+y =y -X

Expanding along R4, we have:



A=2(x+ y}|_—.1“: + ,L'{I—J-‘}J
==2(x+y)(x*+y" - )

=—E{Ij+}ﬁ)

Question 10:

] X ¥
Evaluate 1 x+y ¥
1 X x+y
Answer:
| x v
A=|l x+y
| X x+v

Applying R, - R, -R, and R; = R, —R. we have:

1 x v
A= ¥ 0
0 X

Expanding along C4, we have:

A=1(xy—0)=xy

Question 11:
Using properties of determinants, prove that:
a a’ P4y

BB r+a|=(f-rNy-a)(a-B)a+pB+y)
¥ ¥ oa+p



a a’ Py
A=|p f o y+a
y 7 a+p
Applying R, = R, -R, and R; = R, —R, we have:

a o’ B+y

A=|f-a p—a’ a-

y-a y-a’ a-y

[#4 a PB+y
=(f-a)(y-a)| b+a -1
I r+a -1

Applying R, = R, - R, we have:

a a' P+y
A=(f-a)(y-a) B+a -1
0 yr=p 0

Expanding along R3, we have:

A

(B-a)(r-a)[-(r-B)(-a-B-7)]
(B-a)(r-ea)yr-B)a+p+y)
(@=BY)B-y)r-a)a+pB+y)

Hence, the given result is proved.

Question 12:

Using properties of determinants, prove that:

x x° 14 px’
v ¥y 1+ pd =1+ poz)(x—y)(v-2)(z-x)
z 2 1+pd

Answer:



k]
x x I+ px
A=|y Vv I+ py’
z z 1+ pz’

Applying R, - R, -R, and R, = R, - R, we have:

x x’ I+ px*
A=|y—x ¥ = p(_}‘"—x"]
Z—X z' =x* p(zz —x"‘]
x X’ I+ px’
=(y-x)(z=2)t  yrx p(yi4x’+xy)

I Z+x p(zz+.r3+xz)

Applying R, = R, =R, we have:

x X" 1+ px°
A=(y-x)(z-x)| yex  p(yxiex)
0 z—y plz-y)(x+y+2)
x x° 1+ px’
=(y-x)z-x)(z-y)|1 y+x P(}-‘3+x:+x}-)
0 | p(x+y+z)

Expanding along R3, we have:

A=(x—y)y-2)(z- x)[(—l]{p}(.x_v: +x' 4+ ,r:y] +1+px’ +p(x+y +z]{x}}}
=(x—y)(y-z)(z —x)[—p.‘g-': —px = px v+ px + px v+ poy + ,my:]
=(x—y)(y-z)(z-x)(1+ pxyz)

Hence, the given result is proved.

Question 13:

Using properties of determinants, prove that:

3a —a+b —a+c
~b+a 3b -b+c|=3(a+b+c)(ab+bc+ca)

—c+a —c+b 3¢

Answer:



3 —a+b —a+ce
A=|-h+a 3 —h+e
—c+a —c+h e

Applying C, = C, +C, +C,, we have:

a+b+c —a+b —a+c¢
A=la+b+ec 3b -b+e
a+b+c —c+b 3
1 -a+b -a+c
=(a+b+c)|l 3b -b+e
1 —-c+b 3¢
Applying R, = R, -R, and R; = R, —R . we have:
l -a+b -a+c
A=(a+b+c)|0 2b+a a-b
0 a-c¢ 2e+a

Expanding along C4, we have:

A=(a+b+c [“’hﬂr 2c+a)—(a- b){a—fﬂ
(a+h+c |:4hc+2ah+2frc +a —-a +ac+ba- .f:n:"]

(a+b+c)(3ab+3be +3ac)
=3(u+b+c'}(ub+bc+c'ﬂ}

Hence, the given result is proved.

Question 14:

Using properties of determinants, prove that:

| 1+ p l+p+qg |
2 3+2p 4+3p+2g§:
3 6+3p 10+6p+3q|

Answer:



1 1+ p I+ p+g

A=|2 3+2p 44+3p+2qg
6+3p 10+6p+3g

Applying R, - R, 2R, and R, —» R, - 3R, we have:

1 1+ p 1+ p+yg
A=|D 1 2+p

0 3 7+3p
Applying R, — R, - 3R,. we have:

| 1+p 1+p+g
A=|0 | 2+p

0 0 l

Expanding along C4, we have:

] 2+ p

A=1
b

=1(1-0)=1

Hence, the given result is proved.

Question 15:
Using properties of determinants, prove that:
sin@g  cosa cos(a+ 5}

sinff cosfl cos(f+5) =0

siny  cosy  cos(y+d)

Answer:

sing cosa cos(a +0)
A=sinfl cosf cos(f+5)
siny  cosy cos(y+d)

singrsind COSCOsd  COSaCoso —sinasing

1 : . . C

= Sindeosd sin Fsind cos feosd cos ffeosd —sin fsind
SINQ Cosa | | - . S e
s5in y §in o COS ¥ COS & COS ¥ COs & — sin ¥ sin o

Applying C, = C, +C,. we have:

COS@ COSd  COSECOSd  COScr 0OS & —sina sind

1 . . .. -
A=—————cosffcosd  cosflcosd  cosfcosd —sin fsing
SIN ¢ COs 0 ) . .. -
COS ¥ Cos & COS ¥ COS O COS ¥ COSd —S8in ysin g

Here, two columns C, and C, are identical.
sA=1,

Hence, the given result is proved.



Question 16:

Solve the system of the following equations

E+ 1+E = .'_‘],
x y =
i—E+E =1
x y =z

2 )

6 1 9 20 _»
X vy =z

Answer:

Then the given system of equations is as follows:

2p+3g+10r=4
dp—-6g+35r=1
6p+9g-20r=2

This system can be written in the form of AX = B, where

2 3 10 P 4
A=|4 —6 5 [ A=|g|andB=|1

6 9 =20 r 2
Now, A

A =2(120-45)-3(-80-30)+10(36 +36)
=150+330+720
=1200

Thus, A is non-singular. Therefore, its inverse exists.
Now,

A1 =75 A1=110,A13=T72

Ay =150, Ay, =-100, Ap3 =0

A31 = 75, A32 = 30, A33 =-24



1
soA = — adid
A i

75 150 75
1

=——|110 =100 30
1200
72 0 24
MNow,
X=A"B
p 75 150 75 1[4
=|g - 110 =100 30 ||1
1200
r 72 0 2412
300+150+150
zlzlrm 440 -100 +60
288 +0-48
.
6007 |2
1 1
" 1200 4001= 3
240
1
5]

Question 17:
Choose the correct answer.

If a, b, ¢, are in A.P., then the determinant

x+2 x+3 x+42a
x+3 x+4 x+2b
x+4 x+5 x+2c

A.0B. 1C. xD. 2x

Answer:

Answer: A



x+2 x+3 x+2a
A=x+3 x+4 x+2b
x+4 x+5 x+2¢
x+2 x+3 x+2a
=x+3 x+4 x+(a+c) (2b=a+cas a.b,and ¢ are in A.P.)
x+4 x+5 x+2¢
Applying R, - R, —-R, and R, = R, —R,, we have:
-1 -1 a-c¢
A=lx+3 x+4 x+(a+c)
1 | c—a
Applying R, = R, + R, we have:
0 0 0
A=lx+3 x+4 x+a+c

1 1 &—d

Here, all the elements of the first row (R4) are zero.
Hence, we have A = 0.

The correct answer is A.

Question 18:

Choose the correct answer.

X 0 0
If x, y, z are nonzero real numbers, then the inverse of matrix 4=|0 ¥ 0 |is
0 ] z
¥ 0 0 v 0
A. D v 0 | B.xpz| 0 p!
0 0 z™! 0 0 z
s ] ] 1 (0 0
] ]
C.—|0 ! 0| D.—|0 ] ]
xve XvE
R 0 z R 0 1

Answer:

Answer: A



0 i)
A=10 ¥ i
0 z

SAl=x(yz=0)=xpz %0

Now, 4, =yz,4,=0,4,=0
A, =04,=xz,4,=0
A4, =0,4,=0,4,, =xy

vz 0 0
Soadid=|0 Xz 0
0 0 xy
._ -q—l — LHJIIA
A| '
: vz { {]
=—-1]0 xz ¥
XVe
0 0 5%
F2 oy 0
xvz
=|0 ¥ oo
Xy
0 0 a2
L 0z
L ol _
X :r" i}
1
=0 — 0|=|0 y!
d | ] z!
0 0 |
The correct answer is A.
Question 19:
Choose the correct answer.
1 sinf 1
Letd=|—sind 1 sin# |, where 0 £ 6< 21, then
-1 —sinf |

A.Det (A)=0

B. Det (A) € (2, )



C. Det (A) € (2, 4)

D. Det (A)e [2, 4]

Answer:
Answer: D
1 sind ]
A=|—-sing 1 sin
1 sin@ 1

| A =1(1+5sin® @) ~sin@(~sin @ +sin #) +1(sin 0 +1)
=1 +sin” @+sin” & + |
=2+2sin’ @
=1(I+5in:f?}
Now, 0 < @ < 2m0<8<2m
=> —1 < sinf < 1=-1<sin6<1
=0<sin*@=<1
=1<]l+sin°#<2
=2<2(l+sin*0) <4
~Det(A)e[2.4]

The correct answer is D.



